A semiclassical Bohr-Sommerfeld approximation is derived for an N-particle, two-mode Bose-Hubbard system modeling a Bose-Einstein condensate in a double-well potential. This semiclassical description is based on the "classical" dynamics of the mean-field Gross-Pitaevskii equation and is expected to be valid for large N. We demonstrate the possibility to reconstruct quantum properties of the N-particle system from the mean-field dynamics. The resulting semiclassical eigenvalues and eigenstates are found to be in very good agreement with the exact ones, even for small values of N, both for subcritical and supercritical particle interaction strength where tunneling has to be taken into account.
I. INTRODUCTION
Even for weakly interacting particles, a full many-body treatment of Bose-Einstein condensates ͑BECs͒ is only possible for a small number N of particles. Most often a meanfield approximation is used, which describes the system quite well for large N at low temperatures. In this mean-field approach, the bosonic field operators are replaced by c numbers, the condensate wave functions. This constitutes a classicalization and therefore the result of the mean-field approximation, the Gross-Pitaevskii equation ͑GPE͒, is often denoted as "classical," despite the fact that the GPE is manifestly quantum, i.e., it reduces to the usual linear Schrödinger equation for vanishing interparticle interaction. Therefore, in order to avoid misunderstanding, this inversion of the second quantization may be called a second classicalization.
In a number of recent papers, some consequences of the classical nature of the mean-field approximation are discussed and semiclassical aspects are introduced. For a twomode Bose-Hubbard model, Anglin and Vardi ͓1,2͔ consider equations of motion which go beyond the standard meanfield theory by including higher terms in the Heisenberg equations of motion. The classical-quantum correspondence has been studied in terms of phase space ͑Husimi͒ distributions ͓3͔ for such systems. Mossmann and Jung ͓4͔ demonstrate for a three-mode Bose-Hubbard model that the organization of the N-particle eigenstates follows the underlying classical, i.e., mean-field, dynamics. A generalized LandauZener formula for the mean-field description of interacting BECs in a two-mode system has been derived by studying the many particle system ͓5͔. In Ref. ͓6͔ the commutability between the classical and the adiabatic limit for the same system is studied and first steps towards a semiclassical treatment of the problem are reported.
The purpose of the present paper is to show that the mean-field model is not only capable of approximating the interacting N-particle system in the limit of large N and allows for an interpretation of the organization of the N-particle eigenvalues and eigenstates, but can also be used to reconstruct approximately the individual eigenvalues and eigenstates in a semiclassical Bohr-Sommerfeld ͑or EBK͒ manner with astounding accuracy even for a small number of particles. This will be demonstrated for N bosonic particles in a two-mode system, a many-particle Bose-Hubbard Hamiltonian, describing, for example, the low-energy dynamics of a BEC in a ͑possibly asymmetric͒ double-well potential. This system is related to a classical nonrigid pendulum in the mean-field approximation ͑see, e.g., Ref. ͓3͔, and references therein͒.
Both the many particle model and its classical versionwhich is often denoted as the discrete self-trapping equation for reasons which will become obvious in the followinghave been studied for decades in different context ͑see Ref.
͓7͔͒.
A detailed semiclassical analysis is, however, missing up to now. Previous work in this direction concentrated on the symmetric case, where the permutational symmetry of the system with respect to an interchange of the two modes simplifies an analysis. Semiclassical expressions for the tunneling splittings of the eigenvalues have been derived ͓8,9͔ in context of the spin-system in Eq. ͑2͒ below ͑see also Refs. ͓10,11͔ for a perturbative treatment of the splittings and Ref.
͓12͔ for a detailed analysis of the quantum spectrum͒.
In the following we will first give a short overview of the many particle description of the model, the celebrated meanfield approximation and their correspondence. Afterwards we focus on the question of to what extent many particle properties can be extracted from the mean-field system by an inversion of this "classical" approximation in a semiclassical way using the EBK-quantization method ͓13͔.
to simplify the discussion, we assume here that v is positive and g is negative ͓14͔. The Hamiltonian ͑1͒ commutes with the total number operator N = n 1 + n 2 and the number N of particles, the eigenvalue of N , is conserved. For a given value of N, we have N + 1 eigenvalues of the Hamiltonian ͑1͒. Alternatively, the system can be described in the Schwinger representation by transformation to angular momentum operators
The Hamiltonian ͑1͒ then takes the form
where the total angular momentum is J = N /2. The celebrated mean-field description can be most easily formulated as a replacement of operators by c numbers â j → j , â j † → j * . Since the c numbers commute in contrast to the quantum mechanical operators, the transition quantum → classic and vice versa is not one-to-one. To avoid ambiguities one has to replace symmetrized products of the operators by the corresponding products of c numbers. Therefore we will start on the many particle side with a symmetrized BoseHubbard Hamiltonian in the following, where the n j are replaced by n j s = ͑â j † â j + â j â j † ͒ /2 ͑see also Ref.
͓4͔͒. This symmetrization affects only the nonlinear term in Eq.͑1͒ and the symmetrized Ĥ is related to Eq. ͑1͒ by an additive constant term depending only on N . Note that thus the number operator N = n 1 + n 2 = n 1 s + n 2 s −1 is replaced by ͉ 1 ͉ 2 + ͉ 2 ͉ 2 − 1 and therefore the mean-field wave function is normalized as 
The conservation of the particle number allows a reduction of the dynamics to an effectively one-dimensional Hamiltonian evolution by an amplitudephase decomposition j = ͱ n j +1/2e iq j in terms of the canonical coordinate q = ͑q 1 − q 2 ͒ / 2, an angle, and the ͑angular͒ momentum p = ͑n 1 − n 2 ͒ប, with the Hamiltonian function
where N s is the normalization of . Introducing the new variables the canonical equations of motion ͑4͒ obtain their usual appearance q = ‫ץ‬H / ‫ץ‬p and ṗ =−‫ץ‬H / ‫ץ‬q:
This describes the classical dynamics of a nonrigid pendulum where the phase space is finite, −N s បՅ p Յ N s ប, 0Յ q Յ , if the lines q = 0 and q = are identified. One of the prominent features of the two-mode system is the self-trapping effect, which leads to the emergence of additional stationary states favoring one of the wells above a critical particle interaction strength. For a discussion of the relation between mean-field and N-particle behavior see, e.g., Refs.͓18,19͔, and references therein, and Ref. ͓20͔ for its control by external driving fields. The self-trapping transition occurs at g =−v / N s and is connected to a bifurcation of the stationary states, the fixed points of the Hamiltonian ͑5͒, in the mean-field approximation. Figure 1 shows phase space portraits of H͑p , q͒ for subcritical and supercritical particle interaction strength. In the subcritical region one has a maximum E + at q = 0 and a minimum E − at q = / 2. For the symmetric case = 0, both are located at p = 0, which means that the population in both wells is the same. In the supercritical region the minimum bifurcates into two minima E ± − and a saddle point E saddle − Ͼ E ± − . Even for the case = 0 the two minima are located at a finite value of the population imbalance. In these stationary states the condensate mainly popu- lates one of the wells, which leads to the name "selftrapping." In phase space, the regions with oscillations around one of the two minima are separated by a separatrix passing through the saddle point. The period of the separatrix motion is infinite. Figure 2 shows an example of the many particle eigenvalues E n in dependence on for a subcritical interaction strength. The pattern of eigenvalues varies smoothly with and is bounded by the stationary mean-field energies shown as red curves. Because of the symmetry of the spectrum for → − the exact spectrum is only shown for Յ0, whereas for Ն0 the semiclassical eigenvalues are shown as discussed below. Figure 3 shows a similar plot in the supercritical region. Here we observe a net of avoided crossings clearly organized by a skeleton provided by the stationary mean-field energies, as reported before by several authors ͓5,21,22͔. Again, for Ն0 the semiclassical eigenvalues are shown, which closely agree with the quantum ones in all details.
The mean-field eigenenergies ͑red curves͒ show a swallow-tail structure which forms a caustic of the multiparticle eigenvalue curves in the limit N → ϱ. To illustrate this issue, one can calculate the level density ͑E͒ ͑normalized to unity͒ as a function of the energy ͓18͔. Figure 4 shows a histogram of the level density for N = 1500 particles and different values of . The mean-field swallow-tail curve between the cusps manifests itself as a peak in the density of the many particle energies. In the limit N → ϱ the density ͑E͒ approaches a smooth curve and the peak develops into a singularity. At the positions of the other mean-field eigenenergies one observes finite steps. Indeed the quantum level densities shown in Fig. 4 for a large value of N are directly related to the classical period T of motion by T = dS / dE, where S is the classical action, which we will focus on in more detail in the following. The height of the steps in the density plots are simply given by the period of harmonic oscillation in the vicinity of the extrema and the singularity corresponds to the separatrix motion.
III. SEMICLASSICAL QUANTIZATION

A. The classical action
The most important ingredient of a semiclassical quantization is the action S͑E͒, i.e., the phase space area enclosed by the directed curve H͑p , q͒ = E. The action S͑E͒ increases with E from zero at the minimum energy of H͑p , q͒ to 2N s ប, the total available phase space area, at the maximum energy of H͑p , q͒.
For the generalized pendulum Hamiltonian ͑5͒, one can express the position variable q uniquely as a function of p and E and write down the action in momentum space in the form S͑E͒ = ͛ q͑p , E͒dp. It is convenient ͓23,24͔ to introduce two functions U + ͑p͒ = H͑p ,0͒ and U − ͑p͒ = H͑p , /2͒, which join smoothly at p = ±បN s and act as a potential for the variable p. The classically allowed energy region is given by U − ͑p͒ Յ E Յ U + ͑p͒ as illustrated in Fig. 5 in the subcritical and supercritical regions. For a given energy E the classical turning points p ± ͑with p − Յ p + ͒ are determined by U − ͑p ± ͒ = E or U + ͑p ± ͒ = E. One has to distinguish three basic types of motion and, with S = ͐ p − p + q͑p , E͒dp, we find the following: ͑a͒ Orbits encircling a minimum of H͑p , q͒. The classical turning points both lie on U − and we have S͑E͒ = ͑p + − p − ͒ −2S.
͑b͒ Orbits encircling a maximum of H͑p , q͒. The classical turning points both lie on U + and we have S͑E͒ =2N s ប −2S.
͑c͒ Rotor orbits extending over all angles q. We can find p − on U + and p + on U − with S͑E͒ = ͑N s ប + p + ͒ −2S or p − on U − and p + on U + with S͑E͒ = ͑N s ប − p − ͒ −2S.
B. Energy quantization
In the case of a single classically accessible region, where there are two real turning points for any energy E, the semiclassical quantization condition is given by
This simple case is always met in the subcritical region ͉g ͉ Ͻ v / N s . A numerical solution of Eq. ͑8͒ determines the semiclassical energies E n , n =0, ... ,N, where the total available phase space area 0 Յ S͑E͒ Յ hN s restricts the number of semiclassical eigenvalues to N s , exactly as the quantum ones. The resulting semiclassical eigenvalues shown in Fig. 2 for N = 10 particles ͑g = −0.5/ N s , v =1, ប =1͒ are in excellent agreement with the exact quantum ones. It should be pointed out that in the noninteracting case g = 0, the action S͑E͒ is a linear function of the energy E, and the semiclassical eigenvalues agree with the exact ones
This can be easily understood by recognizing that in this case the Hamiltonian ͑1͒ describes nothing but a system of two coupled harmonic oscillators, which can be transformed to two uncoupled ones by introducing normal coordinates. It may also be of interest to note that ͑for g = 0 and N = 2 or 3͒ the classical analog ͑5͒ to the quantum Hamiltonian ͑1͒ has been suggested many years ago by Miller and co-workers and applied in a semiclassical description of electronic transitions in atom-molecule collisions ͓25,26͔. The supercritical region ͉g ͉ Ͼ v / N s is more complicated. Here the energy surface has two minima, hence the potential function U − ͑p͒ has two minima as well, separated by a potential barrier. In this case one has to distinguish different regions of the energy. For energies below the upper minimum ͑region I in Fig. 5͒ , the quantization can be carried out as in the subcritical case by Eq. ͑8͒. For energies between the upper minimum and the barrier E barr ͑regions II in Fig. 5͒ 
where S l and S r are the action integrals in the left, respectively, right region in Fig. 5 ͓note that also here one has to distinguish the different cases ͑a͒ and ͑c͔͒. The term = e −S ⑀ ,
accounts for tunneling through the barrier
is a phase correction, and S = 0 below the barrier. Deep below the barrier, tunneling can be neglected and the simple semiclassical single well quantization is recovered ͑see also 
and introduce a nonvanishing action integral 
The combined semiclassical approximation is continuous if the energy varies across the barrier ͑from region II to III in Fig. 5͒ and continuously approaches the simple version with only two turning points p − ͑l͒ and p + ͑r͒ in region III high above the barrier. Figure 3 shows the semiclassical many particle energy eigenvalues in dependence on the parameter in the supercritical region for N = 10 particles ͑g =−3/N s , v =1, ប =1͒. Also here one observes an almost precise agreement with the exact eigenvalues and the net of avoided level crossings in all details. In particular the level distances at the avoided crossings are reproduced and allow furthermore a direct semiclassical evaluation. Figure 6 shows both exact and semiclassical eigenvalues in dependence on for subcritical interaction for only N = 2 particles. Even for that small particle number the semiclassical eigenvalues approximate the exact ones quite well. The deviation between the semiclassical and exact quantum eigenvalues decreases with increasing particle number N.
For a more quantitative comparison, the exact and semiclassical eigenvalues are listed in Table I for N = 20 particles and selected values. Here the relative error is only about 5 ϫ 10 −4 .
C. Eigenfunctions
The mean-field approximation also allows a semiclassical construction of the eigenstates Ĥ ͉ ⌿ n ͘ = E n ͉ ⌿ n ͘ of the BoseHubbard Hamiltonian ͑1͒, respectively, ͑2͒. In the quantum case, the main interest may concentrate on the population imbalance of these states, i.e., the p representation
where p runs from −N to N in steps of 2. Based on the ͑classical͒ mean-field dynamics, we have to construct a semiclassical approximation in momentum space, which is discussed in some detail in Ref. ͓30͔. The purely classical momentum probability distribution is easily calculated as w cl ͑p͒ = ͑2T ͉ ‫ץ‬H / ‫ץ‬q ͉͒ −1 , where T is the period of oscillation. Note that the factor 2 arises from the two classical contributions, i.e., the direct path and the path once reflected at the opposite turning point. For our mean-field Hamiltonian ͑5͒ this leads to
in the classically allowed region, where C =1/2T takes care of the normalization. The so-called primitive semiclassical wave function includes interference of the two classical paths
where S͑p͒ = S͑p , E n sc ͒ is the classical action for an energy equal to the semiclassical eigenenergy E n sc of state number n, i.e., the oriented momentum-integral over q͑p͒ = q͑p , E n sc ͒
if p − lies on the lower potential curve U − or TABLE I. Exact quantum E n=0¯20 and semiclassical eigenvalues E n sc for = 0 , 0.5, 1.0, 1.5 for v = 1 and N = 20 particles ͑ប =1͒ in the supercritical region ͑g =−3/N s ͒.
=0
= 0.5 = 1.0 = 1.5 
͑21͒
Note that these distributions should be renormalized to unity. The divergence at the classical turning points p ± is finally cured by a uniform semiclassical approximation ͑see, e.g., Ref. ͓29͔͒. Here the different turning point scenarios discussed above must be distinguished. In the following we only state the result if p ± both lie on the lower potential curve U − ͑p͒. A mapping onto harmonic oscillator wave functions then yields ͓29͔
where H n denotes the Hermite polynomial of nth order and is determined by Up to now, the semiclassical momentum variable p could be treated as continuous in the mean-field approximation, whereas in the quantum system, p is a discrete variable, p =−N ,−N +2, ... , +N. Semiclassically, this is a consequence of the even symmetry and the periodicity of the mean-field Hamiltonian ͑5͒ in the coordinate q. As in Fourier transformation, this allows only even or odd integer values of p.
The final uniform semiclassical wave functions in momentum space are therefore given by Eq. ͑22͒ at p =−N , ... ,N, normalized as ͚ p=−N:2:N ͉ ⌿ n sc ͑p͉͒ 2 = 1. Figures 7 and 8 show a comparison of the primitive semiclassical approximation ͑normalized to fit the central maximum͒ and the uniform one with exact quantum results, both in the subcritical region for N = 14 particles. Shown is the ground state n = 0 for a biased Bose-Hubbard model ͑ = 0.6͒ and the third excited state n = 2 for a symmetric one ͑ =0͒. As expected, the quantum distributions mainly populate the classically allowed region inside the "potential" curves U ± ͑p͒ and are very well approximated by the primitive semiclassical distributions. In particular, the uniform approximation is almost indistinguishable from the exact values.
IV. CONCLUSION
It is demonstrated for a two-mode Bose-Hubbard model that the mean-field approximation can be used to reconstruct approximately the individual eigenvalues in a semiclassical Bohr-Sommerfeld ͑or EBK͒ manner with astounding accuracy even for a small number of particles. The same holds for the primitive semiclassical approximation of corresponding eigenstates which was shown for the subcritical case. Furthermore the possibility of a uniform approximation was demonstrated for a special case.
For the two-mode Bose-Hubbard system considered here, the classical description provided by the mean-field model has one degree of freedom and is therefore integrable. For three and more modes, the classical dynamics is chaotic ͑see, e.g., the studies of the three-mode system ͓4,31͔ or tilted optical lattices ͓32͔͒. Chaoticity also appears in periodically driven two-mode systems ͓20,33͔ or the related kicked tops ͓24͔. A semiclassical description of the quasienergy spectrum in these cases is a challenge for future studies.
Finally it should be noted that the semiclassical analysis used in the present paper is based on well-known results which allow, e.g., a straightforward treatment of tunneling corrections. Basically these theories are, however, valid for a flat phase space. More recent developments directly address . ͑Color online͒ Momentum "potentials" U ± ͑p͒ andplotted at the energy E n -exact ͑blue circles͒, primitive semiclassical ͑green͒, and uniform semiclassical ͑red crosses͒ wave functions ͉⌿ n ͑p͉͒ 2 of the lowest eigenstate n = 0 for N = 14 particles ͑g = −0.6/ N s , = 0.6, v = 1, and ប =1͒. The solid lines are drawn to guide the eye. . ͑Color online͒ Momentum "potentials" U ± ͑p͒ andplotted at the energy E n -exact ͑blue circles͒, primitive semiclassical ͑green͒, and uniform semiclassical ͑red crosses͒ wave functions ͉⌿ n ͑p͉͒ 2 of eigenstate n = 2 for N = 14 particles ͑g = −0.9/ N s , =0, v = 1, and ប =1͒. The solid lines are drawn to guide the eye. semiclassical quantization of spin Hamiltonians with a compact phase space ͑see, e.g., Refs. ͓34-36͔, and references given there͒. This research is, however, still in progress and applications to Hamiltonians such as Eq. ͑2͒ including tunneling corrections will be the topic of future investigations.
